


























































































































































70 CHAPTER 5. OPTIMIZATION TO ENGINEERING PROBLEMS

Understanding how to minimize potential energy to build

a stable system

This is an application from Mechanical and Civil Engineering. You will first encounter such
examples in introductory courses in engineering such as Statics and Dynamics. Following
these, such applications will be found in courses in Component and Machine Design and
Structural Analysis.

Potential Energy and Stability of Equilibrium

The pinned bars are held in place by a linear spring are parts of a machine. Each bar has a
weight of W and length L. The spring is unstretched when the angle of displacement of the
bar, α = 0, and the bars are in equilibrium when α = 60◦. Determine the spring constant k,
and also determine if this equilibrium position is stable or unstable.

Note that from an engineering perspective, the minimization of potential energy in this
system will help in the stability of the system and maintain it in its equilibrium state.

Strategy:

The only forces that do work on the bars are their weights and the force exerted by
the spring. By expressing the total potential energy U in terms of α and using the equation
U ′(α) = 0, we can solve for the spring constant k.

Solution:

If we use the datum or reference state as shown in figure below, the potential energy
associated with the weight of the two bars is equal to the sum of the weights of each bar
times the translations of each bar measured at the centers of gravity as shown. Datum is
defined as the state from which all changes are measured. Therefore, the potential energy
due to the two bars is:

U1 = W
(
−1

2
L sin α

)
+ W

(
−1

2
L sin α

)
= −WL sin α.
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The spring is unstretched when α = 0 and the distance between the points A and B is
2L cos α. Thus, the stretch of the spring (δ) is

δ = 2L − 2L cos α.

The potential energy associated with the spring is

U2 = 1
2
k(2L − 2L cos α)2.

The total potential energy is given by

U = U1 + U2 = −WL sin α + 2kL2(1 − cos α)2.

When the system is equilibrium, the total potential energy is in a minimum state with respect
to the rotation from its rest state. Thus,

dU

dα
= −WL cos α + 4kL2 sin α(1 − cos α) = 0.

Since we are told in this example that the angle at the time of equilibrium is α = 60◦, we
can solve for the spring constant k, as follows

k =
W cos α

4L sin α(1 − cos α)
=

W cos 60

4L sin 60(1 − cos 60)
=

0.289W

L

Stability Check:

The second derivative of the potential energy is an indicator of the stability of the
equilibrium position. If the second derivative is a positive number, the position is stable.

d2U

dα2
= WL sin α + 4kL2

[
cos α(1 − cos α) + sin2 α

]

= WL sin 60 + 4kL2
[
cos 60(1 − cos 60) + sin2 60

]
.

This is a positive number since cos 60 < 1 and W , L and k are positive constants. Thus, the
equilibrium position is indeed stable.
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Understanding how to apply extreme value concepts in

Calculus to a friction and static equilibrium problem

Friction is an important topic in many different areas of engineering including mechanical,
aerospace, civil and industrial engineering. This application deals with concepts you will see
in the Engineering Mechanics class (such as free body diagrams, equilibrium of forces and
friction.

Overcoming Forces to Move a Car Stuck in Snow

The man in the figure below exerts a force P on the car at an angle α. The car has a mass
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of 17.27 kN and is a front wheel drive vehicle. The driver in the car is able to spin the front
wheels and the coefficient of kinetic friction there is µk = 0.02. The snow behind the rear
tires has accumulated and exerts a horizontal resisting force of S. Getting the car to to get
unstuck and move requires overcoming the resistance force of S = 420 N. What value of the
angle α minimizes the magnitude of the force P needed to push by the man to overcome the
resistance on the rear tires due to the snow?

Strategy

Draw a pictorial representation of all the forces acting on the car. This is known as the Free
Body Diagram (FBD) of the car and is shown in the figure below. Label all the dimensions
on the FBD. Then apply equations of equilibrium on this FBD. This is something you will
learn in Physics I and then apply it in the Engineering Mechanics - Statics (EGN 3310) class.
Express P as a function of the angle of push α. Next, find the global minimum for P for
different values of α in the range 0 < α < 90◦.

Solution:

Referring to the Free-body Diagram shown in the figure, the equations of equilibrium
in two-dimensions for the balance of forces and moments (rotations) give us the following
three equations:

S − µkNF − P cos α = 0 (5.1)

NR + Nf − W − P sin α = 0 (5.2)

−W (1.62) + NF (2.55) + P cos α(0.90) − P sin α(3.40) = 0 (5.3)

From Equation 5.1 we can write

NF =
1

µk
(S − P cos α) (5.4)
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and from Equation (5.2),
NR = −NF + W + P sin α. (5.5)

Substituting equation (5.4) into equation (5.3) gives us an expression for P as a function of
α as follows:

−1.62W + 2.55
1

µk
(S − P cos α) + 0.90P cos α − 3.40P sin α = 0.

Differentiating this equation, using the chain rule, to find dP
dα

and setting it equal to zero will
provide us with the minimum value of α.

Thus,

2.55

µk

[

−dP

dα
cos α + P sin α

]

+ 0.90
dP

dα
cos α − 0.90P sin α − 3.40

dP

dα
sin α − 3.40P cos α.

Solving for dP
dα

yields

dP

dα
=

−P
[(

2.55
µk

− 0.90
)

sin α − 3.40 cosα
]

0.90 cosα − 3.40 sinα − 2.55
µk

cos α
= 0

Simplifying this expression we get,

tan α =
3.40

2.55
µk

− 0.90
⇒ α = 1.54◦

I hope these real world engineering applications have made you aware of some interesting
situations where we use Calculus in engineering.
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Defining area under the curve

Approximating rectangles

Example Problem 1. Section 5.1, Exercise 1

By reading values from the given graph of f , use five rectangles to find a lower estimate
and an upper estimate for the area under the given graph of f from x = 0 to x = 10. In
each case sketch the rectangles that you use.
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y = f(x)

y 

x 

In this chapter, we will discuss the importance of integration in calculating the quan-
tity of metabolites, proteins, or chemicals from mixtures as it applies to the concept of
chromatography. This ’real world’ application of calculus is pervasive throughout chemistry,
molecular biology, biochemistry and biomedical science in general.

Some of the future courses (that you may take) where this will be relevant for are:

MCB 3020 General Microbiology

BSC 3403C Quantitative Biological Methods

MCB 4414 Microbial Metabolism

BCH 4053 Biochemistry I

BCH 4054 Biochemistry II
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Background/Motivation

The ability to quantify a given amount of any biological molecule is critical in analysis of
biology and the fundamental study of living systems. Calculus is needed to best approximate
the concentration of a substance after separation by chromatography in order to gain infor-
mation on the amount of that substance in a given sample. Chromatography is defined as
techniques used to separate the components of mixtures. In this section we will apply several
methods to determine ’area under the curve’ and show how this is needed for biomedical
applications. This section will then integrate (sorry for the pun) the mathematics of calculus
to real world applications, and give you a sneak peak on concepts you are likely to see in
later courses. Terms that may be unfamiliar to you are in bold and are defined in a glossary
at the end of this chapter.

Calculus Concepts to be covered in this section - reinforcement

• Approximating rectangles to determine area under the curve.

• Limits of approximating rectangles.

• Fundamental theorem of calculus - how it applies to ’area under the curve’.
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Applied Concepts to be covered in this section - real world appli-

cations

• Use of chromatography to separate mixtures.

• Types and uses of chromatography.

• Brief introduction into methods used to detect target compounds such as proteins.

• Patterning analysis for diagnosis of cancer - cutting edge proteomics.

We will try our best to truly ’integrate’ these concepts to emphasize the
importance of these key tools of Calculus on the outside world.

Use of chromatography to separate mixtures

Why are mixtures a part of the study of biology?

Biological cells are made up primarily of Carbon, Hydrogen, Nitrogen, Oxygen, Phosphorus
and Sulfur (CHNOPS!), as well as a few choice trace minerals such as Zinc, Magnesium,
Manganese, Iron, Selenium, Molybdenum, etc. All living cells, whether they are bacte-
ria, archaebacteria, or eukaryotes (like us humans) are made up primarily of proteins,
nucleic acids and lipids.

Based on studies in the commonly studied bacterium Escherchia coli, there are at least
2000 proteins present under nearly any growth condition. In addition there are hundreds,
if not thousands, of small molecules metabolites present in the cytosol. To study proteins
(enzymes) we must first isolate them away from other proteins so that we can determine
what their particular role is in biology. We also would like to determine changes in the
level of certain compounds (e.g. metabolites such as ATP or amino acids) upon varying
the growth conditions of the organism. To do this, methods have been devised to separate
mixtures by their characteristics.

Separation of proteins will be our best example. Proteins are made up of amino acids
that each have a different ’functional group’. These functional groups impart the specific
chemical properties that each unique protein exhibits, i.e. no two proteins are alike because
they are all made from a unique set of amino acid combinations. This ’signature’ character-
istic allows biochemists to separate and therefore to study proteins individually. Without
the development of chromatography for this purpose the current state of biomedical research
would not be nearly as advanced as it is today. Proteins are separated from one another on
the basis of:

1. Net charge (ion exchange chromatography),

2. Hydrophobicity (hydrophobic affinity),

3. Size (gel filtration) or
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4. Direct affinity to a ligand (affinity chromatography).

The figure below shows an example of separation of mixtures using ion exchange chro-
matography:

Figure 6.1: Elution of a sample mixture from a chromatographic column. a) A sample
containing 3 different molecules is loaded onto a column. As the mobile phase carries the
sample components through the column, their rate of movement is affected by the relative
tendency to adsorb to the stationary phase, slowing their elution. b) The three molecules
are graphed according to their elution times. The eluent is the application of solvent to
the column to cause the sample to elute. Image courtesy of MATC Biotechnology project
(http://matcmadison.edu/biotech/resources/proteins/labManual/chapter 4/section4.4.htm)

You may already notice one of the reasons why we have chosen this concept to match
with the study of integrals (Hint: look closely at part B of the above figure!). By combin-
ing chromatography with spectroscopy (identifying proteins by their ability to absorb
ultraviolet (UV) light as they pass out of a column), we can separate mixtures into purified
components. This technique is critical to nearly all aspects of biochemistry.
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Limitations of approximating rectangles

Example Problem 2. Section 5.1, Exercise 2

Use six rectangles to find estimates of each type for the area under the given graph of
f from x = 0 to x = 12.

(i) L6 (sample points are left endpoints)

(ii) R6 (sample points are right endpoints)

(iii) M6 (sample points are midpoints)
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y = f(x)
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Are left endpoints an overestimate or an underestimate of the true area?

Are right endpoints an overestimate or an underestimate of the true area?

Which gives the best area approximation and why?

Types and uses of chromatography

In addition to its relevance in separating proteins from living cells, there are many differ-
ent forms of chromatography that are used everyday by researchers in disciplines such as
chemistry, forensic science, biology, biochemistry, microbiology and cell biology. Each has
an important role in many disciplines, and each also can be quantitative. The primary
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method for determining the identity and estimating the quantity of a protein (for example)
that is eluting from a column is by determining the area under the curve of a ”peak” that
is recorded during elution of that protein. Let’s look at some examples of chromatography
first, and then further discuss the role that integration plays in data analysis.

Most common types of chromatography used in biomedical research

Liquid chromatography (LC)

Liquid chromatography is a general term to describe the separation of molecules via a liquid
phase, or mobile phase as it passes through a column, also known as the solid phase. The
solid phase is the the material present in the column. Solid phases can have a variety of
functional groups attached so that molecules will be separated out based on charge, size,
hydrophobicity, etc. as discussed in the previous section. LC is generally used to purify
proteins from cell extracts. Note: you will actually carry out LC experiments in a course

Figure 6.2: A nineteen fifties era liquid chromatography experiment. Large scale separations
are still done using similar columns in the biotech industry today to initially separate proteins
such as antibodies and protein-based therapies that have been expressed in bacteria or yeast
model systems.

called Quantitative Biological Methods if you are a Molecular Biology and Microbiology
major.



82 CHAPTER 6. APPLICATIONS OF INTEGRATION IN BIOMEDICAL SCIENCE

High performance liquid chromatography (HPLC)

HPLC is the workhorse for separations and analysis of small metabolites. This is important
since we need to know how changes in the character of cells are produced based on changes
in the small molecules present in the cell. For example we know that caffeine can affect a
person’s heart rate, but when adding caffeine to a cell in culture we must determine just
how much caffeine actually gets inside a cell or tissue. HPLC analysis of the small molecules
can help us to identify and quantify the amount of caffeine that actually permeated the cell
membrane. Essentially the same as LC, HPLC incorporates a higher pressure on the liquid
phase that allows for better separation of molecules while passing through, or binding and
eluting to the solid phase support.

An overview of a typical HPLC setup is shown below. This overview shows the com-

Image courtesy of Waters Chromatography, Inc.

ponents found in a typical HPLC system. The solvent, also known as the mobile phase, is
pumped into the column under high pressure (typically 10-20 bar). Samples are injected
upstream of the column using an injector loop or an automated sample injector (robot).
Based on the properties of the sample, the solvent, and the stationary phase the components
of the sample can be separated. A detector is used to identify and/or quantify the com-
pounds as they elute from the column. The resulting chromatogram is needed to quantify
the amount of a given compound, and this is where integration is needed. The trace
that is recorded is essentially a differentiable, continuous function that is defined by the time
of elution during the separation.

Below you see an image of a typical HPLC system in 2007.

Gas chromatography (GC)

Gas chromatography is very similar to HPLC, with the exception that the mobile phase
is a gas and the sample is either a gas or is modified chemically by a process known as
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Image courtesy of Waters Chromatography, Inc.

derivatization to a volatile form to allow for separation by GC. The column has a liquid
stationary phase which is bound to an inert support phase that is solid. This form of
chromatography is most common in analytical analysis of drugs (drug testing), pesticides
and lipid analysis. This makes GC the workhorse of the chemical and petroleum industry.
Various types of detectors are used to identify and quantify samples as they elute from
the column, again using integration (area under the curve measurements) to enable this
analytical measurement.

Figure 6.3 shows a typical GC chromatogram, used in this case for analysis of chemical
weapons at the Lawrence Livermore National Laboratory.

Fundamental theorem of calculus

We have looked at examples of using rectangles to approximate area, but as you have just
learned a much simpler way to determine area under the curve is possible if the function you
are given is continuous. All chromatography outputs are simple x-y plots that are always
continuous (unless you turn off the detector!).

The fundamental theorem of calculus states:

Part 1: If g(x) =
∫ x

a
f(t) dt, then g′(x) = f(x), where f is a continuous function on [a, b]

and x varies between a and b.
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Figure 6.3: (a) This chromatograph of a sample was produced by a gas chromatograph-mass
spectrometer. Hydrocarbons could be masking trace amounts of chemical weapon agents.
(b) Once the hydrocarbons are removed, the analysis reveals the presence of a compound
that is a precursor to a chemical warfare agent. This figure is courtesy of the Lawrence
Livermore National Laboratory Chemical Weapons testing lab. Note the term red herring
refers to a substance that is present in a sample to mask or throw off the analysis so that
hidden compounds are not detected.

Part 2: If f is continuous on [a, b], and F (x) is any antiderivative of f(x), then:

∫ b

a

f(x) dx = F (b) − F (a)
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y = f(t)

y 

area = g(x) 

b x t a 

Essentially, for purposes of defining area under the curve f , the difference in
the antiderivative F between two points [a, b] on the curve (assuming a continuous
function) is equal to the area between that curve and the x-axis.

This is the most critical application (in biological sciences) of the fundamental theorem.
Say you have a power function. Then another way of stating the above mathematical prin-
ciple is to simply use the power rule for integration and find the integral of the function at
two points a and b. You can plug in the values given for a and b for this integral and the
resulting value is the area under the curve! The error that was seen in the use of rectangles
to ’estimate’ the area under the curve is no longer present.

For clarity see the following example from your textbook

Example Problem 3. Example 6 (page 346)

Find the area under the parabola y = x2 from 0 to 1.

Solution:

An antiderivative of f(x) = x2 is F (x) = 1/3x3. The required area A is found using
Part 2 of the Fundamental Theorem:

A =

∫ 1

0

x2 dx =
1

3
x3

∣
∣
∣
∣

1

0

=
1

3
13 − 1

3
03 =

1

3
.

When using modern chromatography systems a computer will evaluate the output func-
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tion, then determine (given parameters that you set) where a given peak begins and ends,
then integrates those two points to determine the ’peak area under the curve’. The output
data is usually given as ’peak area units’ and as such is essentially arbitrary. To actually
determine the amount of a compound (e.g. ATP), one must inject a series of purified ATP
samples over a range of concentrations. This gives one the ability to define a relationship
(usually linear) between peak area units and the concentration. This is the so-called ’stan-
dard curve’.

Methods of detection in chromatography

For each separation one must be able to detect the sample of interest. This varies based on
the chemistry of the compound being detected. For example, nucleotides (the components
of the cell that make up deoxyribonucleic acid (DNA) and ribonucleic acid (RNA))
absorb light in the ultraviolet (UV) range.

Once you determine that your sample is detectable by a given technique (such as UV-
visible spectrophotometry), you can use chromatography to separate and quantify the
molecules of interest. Figure 6.4 shows an example of UV-visible detection for four different
purines (precursors of ATP or DNA) separated by HPLC.

You can see that each purine is detected by UV-visible spectrophotometry, and this
resulting ’trace’ is a fully continuous function over a set time interval - perfect for a good
example to apply ’area under the curve’. To determine which purines are present in a
sample a standard purified mixture was applied to the column (panel A). Panels B, C and
D are experimental samples: The question asked was - what happened to these purines in
the presence of an enzyme that adds hydroxyl groups to purines? This is an experimental
approach that used HPLC to identify and quantify the purines present in a mixture. The
point to made here is that you must first know how to identify your sample of interest
(outside of chromatography), and then use this as a method of detection to quantify your
compound.

Patterning of analysis for diagnosis of cancer - cutting

edge proteomics

Up until now you have seen relative simple chromatography examples, and ones used in
basic research. Just for fun we are now going to look at a use for HPLC for cutting edge
research related to detection of cancer. Hopefully this cutting edge application will help you
to appreciate the need for mathematics, modeling and indeed computers to aid in biomedical
science - all still fundamentally looking at two dimensional data!
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Figure 6.4: HPLC analysis of purine and hydroxylated derivatives. Retention time is plotted
versus absorbance at 263nm, at which all of the tested purine derivatives have significant
absorbance. Peaks that represent each compound from the standard are marked in A. (A)
Standard mixture of purine, 2OH-purine, hypoxanthine, and xanthine. (B) PH incubated
with 2OH-purine. (C) PH incubated with hypoxanthine. (D) PH incubated with purine.
See Materials and Methods for further details. Reproduced for Proceedings of the National
Academy of Science, June 20, 2000, vol. 97, no. 13, pp. 7208-7213.
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The basic science:

As many as 100,000 different proteins may be made from 25,000 to 30,000 genes in the
human genome. Since not every human is identical, the proteins that each of us produce
from each cell and tissue are not all made at the same level in every cell. All of the proteins
present in a cell, tissue or organism is known as the proteome. We can use HPLC coupled
with various detection techniques (UV-visible spectrophotometry, mass spectrometry) to
separate these proteins from a human sample such as blood. This separation can give each of
us a ’signature’ based on the proteins present. Of course the vast majority of proteins are the
same and do not differ between individuals, otherwise we would not be human. Therefore
if you were to compare the ’profile’ of proteins eluting from a column between hundreds or
even thousands of individuals, you would get a basal pattern that is not changing.

In disease states (when you have cancer) the proteins that are made are sometimes dif-
ferent or made in different amounts. Exactly which ones that are upregulated and downreg-
ulated (increased or decreased) differs with each disease (each type of cancer or degenerative
disease). Recent research first developed by Dr. Lance Liotta (formerly of NIH but now
at George Mason University in Virginia) has asked a very basic question. Do the proteins
present in a patient’s blood with cancer form a unique pattern, based on HPLC-MS sepa-
ration and detection, versus the ’normal’ proteome profiles. The resounding answer is yes -
and reveals a powerful tool in cancer diagnosis.

Figure 6.5: The figure above is a chromatogram of the proteins present in the blood of an
ovarian cancer patient (General Keynote: Proteomic Patterns in Sera Serve as Biomarkers
of Ovarian Cancer, Gynecologic Oncology 88, S25-S28 (2003) doi:10.1006/gyno.2002.6679).

Although a much more complex pattern is shown in this chromatogram, the peaks that
are identified are put into a supercomputer to yield a pattern when compared to thousands
of other patients. After ’training’ the computer to find a particular pattern, the function
that is derived can be used to match a new patient’s information (separation of proteins by
HPLC). The success rate of this technique has generally been found to be effective more
than 95
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The possibilities for this use as a screening tool are tremendous, and many other labs
are now working to test this technique and similar ones to allow for earlier screening for
diseases so that better treatment can be made early on.

I hope this real world and cutting edge application helps to bring to life the
somewhat boring analysis of simple continuous functions of x that may not seem
to have a real impact when in Calculus I.

Glossary

Affinity in terms of chromatography, a specific binding of a protein or other ligand to a
small molecule that is attached to the stationary phase of the column. For example, if
a protein binds to a metal such as nickel one can purify that protein from a mixture
of proteins using a column with nickel in the stationary phase.

Analyte a chemical or compound of interest separated during chromatography

Amino acid building blocks for proteins; amino acids contain both an amine and a carboxyl
group and this portion makes up the peptide chain in proteins

Archaebacteria one of the three domains of life, the oldest one made up of single-cell
microorganisms. Many thrive in extreme environments such as hot springs or deep sea
thermal vents, however most are present in soil and the gut of mammals.

Adenosine triphosphate (ATP) nucleotide that functions to supply energy for synthetic
reactions in cells. ATP is made by different mechanisms but required by all living cells
for survival

Bacteria another of the three domains of life, representing microorganisms that evolved
from archaebacteria but did not further progress to higher life forms (such as mam-
mals).

Biotechnology any technological application that uses biological systems, living organisms,
or derivatives thereof, to make or modify products or processes for specific use.

Chromatography laboratory techniques used to separate mixtures into their individual
parts; a sample is passed through a column in a mobile phase over a stationary phase
that enables separation of components of the mixture.

Deoxyribonucleic acid (DNA) a nucleotide component of cells that contains the infor-
mation needed to make the ribonucleotide and protein components of the cell. DNA
is the ’memory molecule’ that enables life to be recreated upon cell division.

Derivatization the process of chemically modifying a compound to produce a new com-
pound which has properties that are suitable for analysis using a GC.

Eluent liquid or gas mobile phase that is passed through a chromatography column to
facilitate the elution, or removal, of an analyte from a column.
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Elution the process of removal of an analyte from the stationary phase of a chromatography
column

Enzyme proteins that catalyze chemical reactions inside a biological cell. These chemical
reactions are the key reactions that allow for energy metabolism and the building of
the macromolecules inside the cell.

Eucarya one of the three domains of life. Eucarya includes higher mammals, insects, plants
and essentially all life forms that are not in bacteria or archaebacteria.

Lipids these are the hydrophobic long chain fatty acids that generally comprise the cell
membranes of biological cells

Mass spectrometry a technique used to determine the mass of a compound by determin-
ing its mass to charge ratio; essentially a molecule is charged and then the mass to
charge ratio is determined, and thus the mass is predicted giving valuable information
on the chemical makeup a molecule

Metabolite small molecule intermediates of metabolism; these are the small molecules
that are found in biological cells that are involved in the synthesis and breakdown of
molecules to allow life to function

Nucleic acids these are the small molecules that comprise both RNA and DNA as well as
some enzyme cofactors in the cell. Most are found in the nucleus in eukaryotes and
thus the name nucleic acid.

Protein linear chain of amino acids that together form a larger macromolecule; the sequence
of the protein (linear sequence) is determined by the sequence of the DNA that encodes
that particular protein; some proteins that catalyze chemical reactions are enzymes,
but not all proteins are enzymes

Proteome collection of all the proteins present in a particular cell, or in a sample derived
from a biological cell or animal (e.g. serum from a patients blood)

Red herring a diversion or distraction from the actual question; essentially a red herring
can be something inserted in a sample to distract one from determining a smaller
component that is of interest

Ribonucleic acid (RNA) nucleic acid polymer that is primarily used to allow for synthesis
of proteins based on a copy of the DNA sequence of a gene; RNA also plays other roles
in the cell in regulation of protein synthesis and in stability of messenger RNA that
encode proteins

Spectroscopy study of the interaction between light (generally in the ultraviolet or visible
range) and matter; This interaction gives a scientist valuable information on the prop-
erties of a substance or compound, for example DNA absorbs light in the UV range (a
peak at 260 nm)




