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PLAN

Calculus topics: Integration by parts and CHospital’s Rule

Definition of Laplace Transforms

Calculation of Laplace Transforms of basic functions, which include
polynomials, sine/cosine functions, exponential functions and their com-
binations.

Laplace Transform of derivatives and its application on solving Initial
value problems for differential equations

Auto pilot problems



Example 1. Calculate the Laplace transform of f(t) = el.

N N
£{e'}(s) = lim | e eldt = lim i e(1—5)t
—> 0 — 00
S(1—s)t [N
— lim for 1
N—oco 1 —s 8#

e(1—s)N 1 1 .
lim — = forl —s <O, ie. fors > 1.
N—o00 l1—s 1 —s s—1



Example 1. Calculate the Laplace transform of f(t) = el.

N N
L{e}(s) = im /O e~otoelat = fim [ el
— 00 — 00
S(1—s)t [N

= |im for 1

N—oo 1 —s 0 ° #
= lim — = forl —s <O, ie. fors > 1.

N—oo l1—s l1—s s—1

Question 1. 1 min. 30 sec. The Laplace transform of e=2t js

(A) 1 1

, s> 2, (B) > —2
(C)

, S
s — 2 s+ 2
, s > —2 (D) None of the above.

1
s+ 2




Example 2.

5{63’5 4 7e2tsin 5t — t3 4 1} —

f(t) =L {F(s)}() F(‘f) = L{f(t)}(s)

B . n!

t",n=20,1,2, ... Sn+1,s>0

i b

sin bt 52—|-b2’8>0

; 1

e? , S > a
s —a

n at —_ nl

t"e*, n=1,2,... (s—a)”+1’8>a

e sin bt 0 s> a
(s —a)? + b2’

e cos bt S s> a
(s —a)? + b2’

Note: £~! denotes the inverse Laplace transform.
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_I_

s—3

35 6

(8—2)2+25_84

1
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for{s >3}N{s>2}N{s>0} ={s > 3}.



f(t) =L H{F(s)}(@) | F(s) = L{f()}(s)

n ,at — n:

t"e", n=20,1,2,... (S_a%n+1’8>a

at <;

et sin bt (s—a)2+b2’8>a

e cos bt S LS >a
(s —a)2 + b2

Question 2. 2 min.

L {e3t + e 2t cos 5t 4+ 32 — 5} -

1 s—b 6 5
(4) 8—3+(8+2)2+25+8_3_;,8>3
1 s+ 2 6 5
(B) s—3+(s—|—2)2—|—25+8_3_g’8>3
(€) ottt 155 s

s+3 (s+2)2425 3 s’
(D) None of the above.



Inverse Laplace Transform

f(t) =L {F(s)}(t) | F(s) = L{f()}(s)
n!
tet,n2071727.-- (S_G?)n+1’8>a/
at ;i
e sin bt (8—&)2+b2,8>a
e cos bt i , S > a
(s —a)? + b2

Example 3.

£ {5111} = {s — 2—1)} =

Example 4.

L1 {(S - 1)22 n 22} — el sin 2t.



f(t) = L7 {F(s)}(®)

E(s) = L{f(#)}(s)

t"e® ' n=20,1,2,... : , 8> a
(s —a)ntl

et sin bt 0 s> a
(s —a)? + b2’

e cos bt i s> a
(s —a)? + b2’

Question 3. 7 min. 30 sec.

1 s—1 .
£ {(8—1)2+32}_

(A) e'sin3t
(B) elcos3t
(C) e3tcost

(D) None of the above.




Inverse Laplace Transform... Continued

f(t) =L {F(s)}(®) | F(s) = L{f(@)}(s)
nl
t"e . n=20,1,2,... (S_a)n+1,8>a
e sin bt 0 s> a
(s —a)2 4+ b2’
e cos bt i s> a
(s —a)2 4+ b2’
Example 5.
£—1 —1 — _lﬁ_l 1 - — _le—%t
2s+1 2 s+ 5 2
Example 6.

B s+ 5 A (s—1)+6
. 1{(5_1>2+22}—£ 1{(3_1)2+22}

=c {(s —(81;22 22} ter {(s — 1)62 + 22} = ¢ cos2t 32t
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f(t) = L7 {F(s)}(®)

E(s) = L{f(#)}(s)

t"e® ' n=20,1,2,... : , S > a
(s —a)ntl

et sin bt 0 s> a
(s —a)? + b2’

e cos bt i s> a
(s —a)? + b2’

Question 4. 2 min.

s+ 1 }_

£ 1{(8—1)2—|—22
(A) elcos2t+ elsin2t
(B) e'cos2t+ 2elsint
(C) e'cos2t+ sin 2t
(D) None of the above.
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Laplace transform of the derivative of a function

Definition 1. A function f (t) is said to be of exponential order « if it grows
at most as fast as the function e® for large t.

For example, f(t) = t2 is of order a for any a > 0 because lim;_, g—jt =
O by 'Hospital’s Rule.

Example 7. Calculate L{f'}(s) for a continuous function f = f(t) of
exponential order a.

L{f (s) = lim Ne_St . f(t)dt

N—oco JO

= i [es g0 - [ (e tsam)

N —o0

= |im (e_SNf(N)—eo-f(O)—I—s/ONe_Stf(t)dt>

N —o0

= sL{f}(s) — f(O) fors > a.
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LU} () = sL{f}(s) — £(O) for s > a.

Example 8.

s- L{f'}(s) — f'(0)

= s[sL{f}(s) — f(0)] - f(0)

= s°L{f}(s) —s- f(0) - (0).
Note: f(0) and f'(0) are referred to as initial conditions when s represents
the time variable.

L{f"}(s)
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f(t) = L7 {F(s)}(®) F(18) = L{f (@)} (s)

et , S > a
f(t) 51?(?) — f(0)
f1(t) s°F(s) —sf(0) — f'(0)

Example 9. Use Laplace transform to solve the initial value problem
(DiffEq) " — 2y’ + 5y = —8e~*, y(0) = 1, 3/(0) = 0.
LetY (s) := L{y} (Laplace transform of the solution). Use the Table to obtain
L{y"} = 5V (s) — sy(0) — ¢/(0) = s°Y (s) — s.
L{y'} = sY(s) —y(0) = sY(s) — 1,

—3
L{—8e !} = Sr 1

Applying Laplace transform to both sides of the linear DiffEq leads to the following alge-
braic equation for Y (s):

—8
2y o — —
s°Y —s—2(sY —1) 4+ 5Y T
> -8 B . s?2 —s—10
= (s 23—|—5)Y(3)——S+1—|—s 2 = Y(S)_(s+1)(32—23—|—5)'

13



f(t) =L {F(s)}(t) | F(s) = L{f(@)}(s)
n ,at — n:
t"e*, n=20,1,2,... (S_a)n+1,s>a
e sin bt 0 s> a
(s —a)2 4+ b2’
e cos bt i , S > a
(s —a)? + b2
2
—s—10
Y(s) = S S

(s+1)(s2 — 25+ 5)

The solution y = £~ 1 {

HOW do we inverse transform this using the Table??

s? —s—10 }
(s+1)(s2—-25+5)]|
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f(t) =L {F(s)}(t) | F(s) = L{f(@)}(s)

n ,at — n:

t"e’", n=20,1,2,... (s—a)”+1’8>a

e sin bt 0 .S > a
(s —a)? + b2

e cos bt S .S > a
(s —a)? + b2

Use partial fraction decomposition
s2 —5—10 A Bs+ C

(S+1)(82—28—|—5):S+1+82—28—|—5

= A=-1, B=2, C = -5.

2
. 1 sc<—s—10
y = £ {(s+1)(s2—23+5)}
L -1 —1 28—5
= £ {s+1+s2—23+5}

= L7 {8111} +L7 {32 2—82_5:15}




f(t) =L {F(s)}(t) | F(s) = L{f()}(s)

n ,at — n:

t"e’", n=20,1,2,... (s—a)”+1’8>a

e sin bt 0 s> a
(s —a)? + b2’

e cos bt i , S > a
(s —a)? + b2

Need to "complete square” the denominator

. -1 —1 1 28—5
y = £ {5—|—1}+£ {32—23+5}
. -1 1 1 ( 28—5 )
o £ {S—I—l}_l_ﬁ <\(s—1)2—|—4)>
1 ’2(5—1)—3‘>
(s —1)2+ 4]

1 2(s—-1) _q -3
}+£ <\(s—1)2+22}+£ {(5—1)2+22}
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f(6) = £ {F ()} ()

F(s) 1= L{F D))

n at - :
t"e", n=20,1,2,... (S_a)n_l_l,s>a
b
e sin bt , S > a
(s —a)2 + b2
S —a
el cos bt > a

(s—a)z—l—bz’s

1

4 1 [ 2(s—1) 4 3
- { }+£ {(3—1)2+22}+£ {(3—1)2+22}

=

_5—1{

»

-1 (S—l) 3_1
+1}+2£ {(5—1)2+22}_§£ {

2

(s —1)2 4 22
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f(t) =L {F(s)}(t) | F(s) = L{f(@)}(s)

n ,at — n.

t"e*, n=20,1,2,... (s—a)”+1’s>a

e sin bt 0 s> a
(s —a)2 4+ b2’

e cos bt i , 8> a
(s —a)? + b2

Question 5. 2 min.

Yy

(4)
(B)

(©)
(D)

(s—1)

a1 . 3,
e ()

3
—el + 2etcos2t — Ee_t sin 2t

3
—e P4 2elsin2t — Eet cos 2t

3
—e P4 2etcos 2t — §et sin 2t

None of the above

. 2
{(3—1)24-22

}:
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Q: How do we check if y(t) = —e~t 4 2el cos2t — %etsin 2t is indeed
the solution to the IVP:

(DiffEq) ¥ — 2y’ + 5y = —8e ¥, y(0) = 1, y/(0) = 07
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Servomechanism model for an auto pilot system

Such a system applies a torque to the steering shaft so that an airplane
will follow a prescribed direction(angle) g(t). As can be expected, the true
direction of the airplane y(t) is not always to be the same as the desired
g(t) at all time t. When this happens, the servomechanism will measure
the deviation between y(t) and g(¢) and feed back to the steering shaft a
torque.

Consider a servomechanism with feedback proportional to the deviation
e(t) .= y(t) — g(t) but with opposite sign. In this way, the airplane can
stay in the desired course. According to Newton’s second law of motion,
the total torque of a rotating object is related to the moment of Inertia I of
the object and the angular acceleration y” (¢). Hence the servomechanism
following the following rule in correcting the direction of an airplane

Iy (t) = —ke(t), I, k > 0.
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Example 10. Determine the deviation function e(t) for the auto pilot if the
steering shaft is initially at rest (y'(0) = 0) in the zero direction (y(0) = 0)
and the desired direction is given by g(t) = a (ie. a fixed drection=a
straight line).

The initial value problem is

Iy"(t) = —ke(t), y(0) = 0, y'(0) = 0.
LetY (s) = L{y(t)} and E(s) = L{e(t)}. Laplace transform both sides
of the DiffEq to get

L{Iy" (t)} = I[s*Y (s) — sy(0) — ¢/(0)] = Is°Y (s) = —kE(s).
Since y(g) = e(t) + g(t) = e(t) + a, we haveY (s) = E(s) + L{a} =
E(s) + =

152 (E(S) + g) = —kFE(s).
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7 —
Therefore, E(s) = Q—Sa = o .- Inverse Laplace transform E to
Is< + k 52 -+ 7

conclude that
k
t) = —ar 1 > — —a COS \ﬁt .
6( ) a {32 + ];} a ( 7 )




Thank you for your attention!
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