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PLAN

Calculus topics: Integration by parts and LCHospital’s Rule
Definition of Laplace Transforms

Calculation of Laplace Transforms of basic functions, which include
polynomials, sine/cosine functions, exponential functions and their com-
binations.

Laplace Transform of derivatives and its application on solving Initial
value problems for differential equations

Auto pilot problems



Integration by parts(IBP): a consequence of product rule:
[ 1dde = [(£9)' = F'gdx = fg— [ f'gdz.
Example 1. /a:e‘”dm.

Solution: Let f = z and g = e*. Note ¢’ = €Z.

/azewdx = /fg/da; 5P wex—/(az)/exdaj
xet — /exdaj

xel — et 4+ c.0



Question 1. 1 minute

/ r2edr =

(A) z2e® — 2xe® — 2e% + ¢
(B) z2e® — 2ze® 4+ 2¢* + ¢
(C) x°e® — 2ze” + ¢

None of the above

(D)



Example 2. /a:e_xda:.

Solution: Let f = z and g = /e_xda: = —e T4+csog = e 7T Let
c = 0.

/:ce_xda:Z/fg/da: 1P x(—e ") —/(:E)/(—e_x)da:
—xe T+ /e_xd:c

= —xe T —e *4+c0O



Question 2. 71 minute 30 seconds

(A)
(B)

(C)
(D)

/$2€_3$d$ =

—32%e 73T _18xe 3% _ 5473 4 ¢
2 2
—3x —3x —3x
—x“e —xe — —e C
3 . T 92 27 T
2

__x2€—3a: . _x6—3:13 . _6—3:10 + ¢

3 9 27
None of the above



Example 3. /sin x-e Ydx.

Solution: Let f = /sin rxdr = —cosz +cand g = e % so f/ = sinzx.
Let ¢ = O.

—XT

= —%(cos:p + sinxz) 4 ¢.O



Question 3. 1 minute 30 seconds

(A)

(B)
(C)
(D)

/Sinw-exdm —

1
Eex(sin x — COsx) + ¢

1
Eex(sin x4+ cosz) + ¢

—cosxet 4 ¢
None of the above



'Hospital's Rule for 2>

@ @) @) o
Mhg(x) T A g(a) | lmg() oo

r—a

Example 4. Fors > 0, lim N .e 5N =7

N —o00

Solution:
_ N
lim

N—oo eSN
/

= |lim
N—oo (esV)/
lim 1
|
N—oo § - GSN
= 0.




Question 4. 1 minute

Fors >0, lim N3.e 5N =
N —o0
(A) oo
(B) ©
() 1
(D) None of the above

10



Question 5. 30 seconds

Fors > 0, lim N100.g=sN —
N —o0
(A) oo
(B) ©
() 1
(D) None of the above
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Laplace Transform

Definition 1. The one-sided Laplace transform of a function f defined on
[0, c0) is a function of s such that

LLf(s) —/ St dt = lim [ et ()d.

N—o0 JO
The domain of L{f} is where the integral exists.
Example 5. Calculate the Laplace transform of f(t) = 1.

L{1}(s) := A}iLnOO/ 1. e tdt
e st t=N
= Iim
N—oo —sS +—0

, (e_SN 1 ) 1
— lim — = —.
N—00 —S —S8 S

. 1
So the Laplace transform of the constant function f(t) = 1 is — for s > 0.
S
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Example 6. Calculate the Laplace transform of f(t) = t.

L{t}(s)

[©.@)

/ e St tdt
lim / te Stdt
N —o00

|:t —St t_N

) / “dt]

_ Ne_SN e~ SN n 1
N—o0 —S 32 52

lim
N —o0

lim

1f
8—20r8>0.

Note that ’Hospital Rule was applied to evaluate the first term in the limit.
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Question 6. 2 minutes The Laplace transform of f(t) = t2 is

2
(A) —3,8>O
S

1

B) —,5>0
(B) .5

2
(C) —3, s < 0
S
(D) None of the above
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Forn=0,1,2,3,---,

L{t"}(s) =

n|

shT

1,S>O.
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Example 7. Calculate the Laplace transform of f(t) = sin 3t.
N

£{sin 3t}(s) ;= lim e 5! sin 3tdt.
N—oco0 JO
By IBP, we have
N _s-e 5N .sin 3N—3(e_SN-cos3N—1>
/ e 5t sin 3tdt = _
0 s24+9

Question 7. 1 minute As N — oo, the limit of above expression is

—s+3
(A) m, S
1
(B)
3

s>0
C
(@) 55
(D) None of the above

>0

s2 49’

s>0



